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e You will have 120 minutes to complete this exam. Please read through every question carefully, some
questions are easier than others.

e Please do not remove any pages from the exam.

e Please make very clear what your final solution for each problem is (e.g., by surrounding it in a box).
We reserve the right to mark off points if we cannot tell what your final solution is.

e You may use the pages marked “This page is intentionally left blank.” for scratch work, but we will
not consider any work on these pages when grading.

e Unless stated otherwise, you should only need the rules provided in that problem for your derivations.
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Problem 1 (10 pts). Counsider the following grammar:

(expr) ::= fun (var) — (expr) | (expr) {expr) | (var)

(var) =z

Is the grammar above ambiguous? If yes, present a sentence recognized by the grammar along with two
distinct parse trees for the sentence. If not, explain why the grammar is unambiguous.

Solution.



Solution. (Continued)



Problem 2 (15 pts). In this course, we considered two evaluation strategies: call-by-value (CBV) and
call-by-name (CBN). For CBV evaluation, we gave a substitution-based semantics (mini-project 1) and
an environment-based semantics (mini-projects 2 and 3). For CBN evaluation, we only gave a substitution-
based semantics. In the next two problems, we will consider an environment-based semantics for CBN
evaluation, in particular, for let-expressions and function application.

With CBV evaluation, the environment binds variables to wvalues, requiring us to evaluate the value of
a variable (or function argument) before binding it. However, with CBN evaluation, we want to delay the
evaluation of a variable until it is used. One possible solution would be to allow environments to bind
variables to expressions. But since expressions can refer to variables, we need to implement lexical scoping,
by putting expressions into closures before binding (in particular, note that closures can hold expressions
other than function expressions):

(Ela—(E,e1])], e ) v
(E,letz=ejiney ) v CBN-LEx (E,x) v

v
CBN-VAR

Let e denote the expression:
letx =2inlety=x+xinletz =3 iny
Give a derivation, using the above rules, of ( @, e ) | v where v is the value of e according to these rules.

Additional Rules Needed:

n is an integer literal (€, e1) Vv (€, ea) v
INTEVAL ADDEvAL

(€, n)dn (€, e1+e) v+

Solution.



Solution. (Continued)



Problem 3 (15 pts). Recall that the rule for CBV evaluating function application in our environment-
based semantics is given as follows (note that, for simplicity, we are using unnamed closures and using “fun”
notation):

(E,e YV (&, funx—e) (€, ex) v (v, e)

v
CBV-ArpP-ENV
(€, e1ex) v

Write the corresponding CBN-ApPP-ENV rule for CBN evaluating function application. Let e denote the
following expression:

(funz —4) (1+2+3+445)

Use your rule to give a derivation of { @ , e ) |} v where v is the value of e. (Hint. Remember that the
point of CBN evaluation is that the argument of a function should not be evaluated if it does not appear in
the body of the function.)

Additional Rule Needed:

n is an integer literal
INTEVAL CBN-FuN-ENV

(E,n)dn (€, funz—e)| (&, funz—e)

Solution.



Solution. (Continued)



Problem 4 (10 pts). In this problem, we will consider the option type in OCaml, which is given by the
following ADT:

type ’'a option =
| None
| Some of "a

If we have polymorphism and functions, we actually never need to introduce options. Instead, we can encode
expressions of the option type as function expressions. If we replace

e None with the expression fun n — fun s —n
e Some(e) with the expression funn — funs — se
e match e with | None — e; | Some(z) — ey with the expression e e; (fun z — e2)

then we get code that is, in some sense, equivalent. In the next few problems, we will look at how this
encoding works by demonstrating this equivalence. First we need to show that the encoding produces
well-typed expressions.

Determine a type 7 and constraint C such that the judgment

-Ffunn —=funs—n:7-C

is derivable, and give the derivation of this judgment. Then use 7 and C to determine the principle type of
this expression in the empty context.

Rules Needed:

(x:7)eTl T is a monotype a is fresh Nz:abe:74C
VArMono Fun
FFz:740 Pkfunz —e:a—717-C

Solution.



Solution. (Continued)
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Problem 5 (10 pts). Let 7" be a monotype (i.e., a type with no quantifiers) and let e be an expression.
Determine a type 7 and constraint C such that

{:7}Ffunn—>funs—>sz:7-C

is derivable, and give the derivation of this judgment. Then use 7 and C to determine the principle type of
this expression in the context {x : 7'}

Rules Needed:

(x:7)el 7 is a monotype « is fresh Mx:ake:74C
VARMONO Fun
FFz:740 Ffunz—se:a—7-C

F"@ltTl_{Cl F|_€22T2_|CQ « is fresh
F'terex:adm =7 — «a,01,Cq

App

Solution.
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Solution. (Continued)
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Problem 6 (15 pts). Next we need to show that encoding is correct with respect to evaluation. Recall the
encoding of options:

e None is encoded as funn — fun s = n

e Some(e) is encoded as funn — funs — se

e match e with | None — e; | Some(x) — es is encoded as e ey (fun z — e3)
Based on this, give the encoding for the expression

match None with | None — e; | Some(x) — ez

where e; and e are arbitrary expressions. Let e denote the expression you wrote down. Assuming that
(&€, e1) | v, give a derivation of { £ | e ) |} v;.
Rules Needed:

x is a variable VARE FUNE
———————— VaREvaAL NEVAL
(€, z)| &) Y (€, funz—e)l (&, Are) VRN

(E, e ) (&, Mre) (€, e ) vy (&' we], e) v
(€, e1ex) v

AprPPEvAL

Solution.
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Solution. (Continued)
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Problem 7 (15 pts). Based on the same encoding of options, give the encoding for the expression
match Some(e’) with | None — e; | Some(z) — e

where e; and es are arbitrary expressions. Let e denote the expression you wrote down. Assuming that
(€, e1)dviand (€, ¢ ) v and ( E[z — V'], ez ) | v, give a partial derivation of ( £, e ) | vo
which only includes the conclusion and its premises. In other words, you don’t need to give the
whole derivation, you only need to give the last step.

Rules Needed:

x is a variable VARE FUNE
— VA VAL NEVAL
(&€, ) Ve (€, funz s e) b (&, Me)

(€, e ) (&, Me) (€, ex ) v (E'r—wa], el
(€, e1ex) v

v
APPEVAL

Solution.
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Solution. (Continued)
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Problem 8 (10 pts). Define a function called replicate in OCaml that takes a list ¢, a function f and a
(positive) number n as input and outputs a list where f*, f2, f3 ..., f are applied (in this order) to each
element of /:

val replicate : ‘alist — (‘a — ‘a) — int — ‘a list

e.g., replicate [1;5:8;9] f 2 = [f(1); F(f(1)); f(5); F(f(5)); f(8); F(f(8)); f(9); F(f(9))]. The behavior of

the function is undefined if n < 0.

Solution.
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