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Instructions

e Please write your name and BU ID.

This midterm has 5 problems.

Please read all problems before writing your solutions. You may find some problems easier than others.

The total duration of the exam is 1 hr 15 mins.

The typing/semantic rules that you need for each problem are provided on the same page. For these

rules, sides conditions appear in .
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1 Wrong Functions [40 pts]

Recall the typing rule for functions:

z:mmbe:mn
Fun

I'tfunax —e:m — m

Suppose we made a mistake when writing down this typing rule, and forgot to require the type of x in the
context of the premise to be the same as the argument type of fun z — e in the conclusion (the difference in

the rule is boxed).
T, Fe:m

I'tfunax s e:m — 7

FuNnWRoONG

One important property of a programming language is called preservation: given any well-typed expression
eo, if eg has type 79, then it must evaluate to a value of the same type 7. In this problem, you will show
that a programming language with the rule FUNWRONG violates this property. You'll need (some of) the
following typing rules.

n is an int literal v

- INTLIT ——— TRUELIT AR
I'Fn:int I' I true : bool I'Fa:7

I'Fep:m—71 I'key:m
App

FF€1622’T

And you’ll need (some of) the following semantics rules.

‘ n is an int literal‘

INTLITEVAL — TRUELITEVAL FuNEvAL
nin true | T funz — el (Az.e)
e1 | (\z.e) es | vg e = [va/xle e v
APPEVAL
er e v

Problem 1 (20 pts) Determine an expression ey such that @ b eg : bool and ey | 42 according to the
above rules (including FUNWRONG). You must provide:

(i) a typing derivation of @+ ¢; : bool and
(ii) a semantic derivation of e | 42.

Solution. Here’s how to arrive at the expression: your expression must contain a function in it (otherwise
you won’t be able to use the FUNWRONG rule). But since your expression must have type bool, it cannot
just be a function; the function must be applied to something. The easiest way to do this is to have an
expression of the form e; es where e; is a function which is applied to es.

The next step is to notice the FUNWRONG rule: how it adds « of an arbitrary type to the context. So,
the function body of e; must use x, so the simplest possible way to do that is if e; is fun x — x.

Finally, the last step: what can we apply this function to so that it returns 427 Thus, es must be 42.
Hence, eg must be (fun x — x) 42.

Typing Derivation:

x : bool F z : bool

- FuNnWRoNG .
&+ funx — z : int — bool 42 :int

App
@+ (fun x — x) 42 : bool




Semantic Derivation:

FuNEvAL
funz —» 2 | (Az.2) 42 ] 42 42 ] 42

(funz — x) 42 |} 42

APPEVAL

Thus, the expression e; is shown to have type bool, while it evaluates to an integer 42.



Another important property of a programming language is called progress: given any well-typed expression
€0, it must evaluate to a value. Formally, if @ I e( : 79, then there must exist a value vy such that ey || vg. In
this problem, you will show that a programming language with the rule FUNWRONG violates this property
as well. You'll need (some of) the following typing rules.

z:7mke:n ke :m— T FF@g:TgA

VAR FuNnWRoNG PP
I'taz:7 I'tfunax —e:m — m I'kejey:7
't e: bool I'te:7 I'key: 7 I'keq:int I'kes:int
- IF - ADDINT
T'if ethenej else ey : 7 I'tej+ey:int

n is an int literal
——— TRUELIT ——— FALSELIT - INTLIT
I' - true : bool I" I false : bool I'Fn:int

You'll also need (some of) the following semantics rules.

e1 | (\x.e) ex |} vg e = [vy/z]e e v
FuNEvAL APPEvVAL
funz — el (Az.e) erex v
el T e v el L e v
- e 1bu IFTRUEEVAL - v 2§ vz IFFALSEEVAL
if e then ey else ex || vq if e then eq else es || vg
e1 d v1 ez | va ‘ n is an int 1itera1‘
ADDINTEVAL INTLITEVAL
e1+e v n{n
— FALSELITEVAL —— TrRUELITEVAL
false || L true | T

Problem 2 (20 pts) Determine a type 7o and a well-typed expression eg of type 1o such that there does
not exist a value value vy with a valid derivation of ey || vo. Additionally, provide

(i) a typing derivation of @+ ey : 19 and
(ii) a brief English explanation of why your choice of ey does not evaluate to a value.

Solution. Here’s how to arrive at the expression: again your expression must contain a function in it
(otherwise you won’t be able to use the FUNWRONG rule). But since your expression must not be able to
evaluate, it cannot just be a function expression (remember a function directly evaluates to itself); so again,
the function must be applied to something. Hence, the expression again should have the form e; es where
e1 is a function which is applied to es.

Now, this time we want an expression that does not evaluate and we have already seen how we can
interchange booleans and integers in the typing derivation. So, what if we decided to have an expression
where booleans are added (see the hint about addition being in the rules provided).

So, there are many possibilities now, and here’s one of them: let’s make e; be fun © — = + x. Even
though the function is expecting integers, we can give it a boolean as an argument, due to FUNWRONG. So,
let’s make es to be true.

Hence, eg must be (fun z — x + ) true.

Typing Derivation:

z:intk 2 :int VAR T :intk x:int VAR
- - ADDINT
r:intkFx+x:int
- FuNWRoNG
gFfunz — z+ 2 : bool — int & F true : bool

App

@+ (fun x — z + ) true : int



But it is easy to see that this cannot evaluate because, once we substitute true for x in the function body,
there are no rules to evaluate true + true.



2 OCaml Programming [40 pts]

Recall rose trees from Assignment 5:

type 'a rtree = Node of "a x "a rtree list

For the following problem, you can use arithmetic operators from the standard library and any of the
following higher-order functions:

val List.map : ("a -> ’'b) -> 'a list -> ’'b list

val List.filter : ('a -> bool) —-> ’'a list —-> ’'a list

val List.fold_right : (fa -> 'b -> ’'b) -> "a list -> b -> b
val List.fold_left : (Ya -> 'b -> "a) -> "a -> ’'b list -> "a

Problem 3 (20 pts) Implement the function
val sum : int rtree -> int
so that sum t is the sum of all the elements at the nodes of t. For example, the following assertion holds:

let _ = assert (sum (Node 1 [Node 2 []; Node 3 []]) = 6)

Solution.

let rec sum t =
match t with
| Node(x, 1) -> x + List.fold_right (fun x s -> sum x + s) 1 O



Problem 4 (20 pts) Determine the smallest type task such that the following function is well-typed.

let output (t : task) (x : int) =
match t with
| Compute(f) -> £ x
| Double(l) -> List.map (fun e -> 2 x e) 1
| Filter(p, 1) -> List.filter (p x) 1
| Append(l) -> List.fold_right (fun a b -> a::b) l.second 1l.first

The following signatures are provided for your benefit:

val List.map : ("a -> 'b) -> ’a list -> ’'b list
val List.filter : ("a —-> bool) -> ’"a list -> ’'a list
val List.fold_right : ("a -> 'b -> ’'b) -> ’"a list -> b -> 'b
val List.fold_left : (fa —> 'b -> ’a) -> 'a -> ’'b list -> 'a
Solution.
type task =

| Compute of (int -> int list)

| Double of int list

| Filter of (int -> int -> bool) * int list

| Append of {first : int list; second : int list}



3 Message Passing [20 pts]

Suppose we introduce a new construct to our language for sending and receiving messages on channels. We
introduce three new syntactic constructs:

e ‘let (tx,rx) = new_channel in e’: create a new channel with two ends: the variable ¢z is the sender’s
end, which can be used to send messages on the channel, and the variable rz is the receiver’s end,
which can be used to receive messages on the channel.

e ‘send e; on tx in €’: evaluate expression e; and send its value on tx.
e ‘let x = recv rx in e’: receive a value on rx and bind it to variable x.

We introduce two types: 7 sender and 7 receiver for the sender’s and receiver’s end of the channel respectively.
We also provide the typing rules for these constructs:

T',tx : 7 sender,rx : 71 receiver F e : 1y

- NEWCHAN
[+ let (tx,rz) = new_channel in e : 7
'+ tx : 71 sender I'ke:m I'kFe:m ' rxz : 7 receiver Tx:mmbe:n
- SEND - RECV
I'Fsendejontxine: m T'Fletz =recvrzine: m

You’ll need the following typing rules.

n is an int literal I

- NTLIT ———— VAR
I'kn:int I'tax:7

Problem 5 (20 pts) Based on these rules, provide a derivation for the following program having type int
under the empty context &. You should use A as shorthand for the context {tx : int sender, rx : int receiver}.
Otherwise, you should use no shorthand in your derivation.

let (tx, rx) = new_channel in

send 5 on tx in

let x = recv rx in

X
Solution.

A F rz :int receiver VAR A,z :intkx:int VAR
— VAR — INTLIT ’ - RECV
A F tx : int sender AF5:int AFletz =recvrzinz:int SEND
A send 5ontxinletx =recvrzinz:int
NEwWCHAN

& F let (tz, rz) = new_channel in send 5 on tz in let © = recv rz in « : int
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